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Abstract
As a deformed matter bounce scenario with a dark energy component, we propose a deformed
one with running vacuum model (RVM) in which the dark energy density ρΛ is written as a
power series of H2 and H˙ with a constant equation of state parameter, same as the cosmological
constant, w = −1. Our results in analytical and numerical point of views show that in some cases
same as ΛCDM bounce scenario, although the spectral index may achieve a good consistency with
observations, a positive value of running of spectral index (αs) is obtained which is not compatible
with inflationary paradigm where it predicts a small negative value for αs. However, by extending
the power series up to H4, ρΛ = n0+n2H
2+n4H
4, and estimating a set of consistent parameters,
we obtain the spectral index ns, a small negative value of running αs and tensor to scalar ratio
r, which these reveal a degeneracy between deformed matter bounce scenario with RVM-DE and
inflationary cosmology.
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I. INTRODUCTION
The idea of bouncing cosmology, mainly was suggested for replacing the big bang singular-
ity to a non-singular cosmology. More recent observations of cosmic microwave background
(CMB) give us some evidence in which the scalar perturbations is nearly scale-invariant at
the early universe [1, 2]. Although the inflationary scenario is the most currently paradigm
of the early universe and can solve several problems in standard big bang cosmology, it
faced with two basically problems. One key challenge is the singularity problem before the
beginning of inflation, which is arisen from an extent of the Hawking-Penrose singularity
theorems which show that an inflationary universe is geodesically past incomplete and it
cannot reveal the history of the very early universe [3, 4].
The second one is the trans-Planckian problem which reveals that the wavelength of
all scales of cosmological interest today originate in sub-Planckian values where the gen-
eral relativity and quantum field theory is broken down. Therefore, it leads to important
modifications of the predicted spectrum of cosmological perturbations [5] (more details are
referred to a good informative review [6]). These problems however have been avoided in the
bouncing cosmology [6]. At a bounce time (t = 0), the space gets a non-vanishing volume
and also the wavelength of cosmological perturbations is minimum in which their values
correspond to the end of inflation in cosmology. Due to this fact, the bouncing scenario is
usually considered as an alternative to inflationary cosmology[7].
In light of cosmological perturbations, three familiar classes of bouncing model which
are differences in contracting phase have been introduced. One of the most interested is a
matter bounce scenario [8]. The others are Pre-Big-Bang [9] or Ekpyrotic [10] type, matter
Ekpyrotic-bounce [11], matter bounce inflation scenario [11], and string gas cosmology [12,
13]. In matter bounce scenario which have been widely discussed in literatures [14–17],
some authors have considered one or two scalar fields [18], others work with a semi matter
(a matter with a dark energy component) [19], and many efforts have been done in modified
gravity and scalar tensor gravity [20–23]. In all of them the dynamical behavior is described
by loop quantum cosmology (LQC) [19, 24–33] around bouncing point which is arisen from
quantum gravity in high energy physics. Despite the success of LQC in non-singular bounce
cosmology, it is important to note that the dynamical mechanisms that trigger non-singular
bounce at high energy scales are not always provided by the LQC. For instance in [34]
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and [35], one can find an effective field theory model including the Horndesky operators
to give rise to a non-singular bounce without much pathologies; additionally, the curvature
corrections appeared at high energy scales can also yield a non-singular bounce, such as in
[36, 37] and very recently revisited in [38].
The LQC is also applied around turning point in a cyclic universe scenario, where the
universe goes to a contraction after an expansion phase [39]. Although in many models of
matter bounce the power spectral index of cosmological perturbation may be consistent with
observations, they often obtain a positive running of scalar spectral index (αs) which may
be irreconcilable with some observational bounds1.
However, future observations may allow one to discriminate between models (inflationary,
Ekpyrotic and matter bounce scenarios), in this time, we are interested to introduce some
deformed models of matter bounce to obtain a negative running αs, like the inflationary
scenario [42].
After introducing ΛCDM matter bounce scenario by Cai et al. [43], new insights into the
deformed matter bounce scenario is provided. In this paper authors considered a cosmologi-
cal constant (vacuum energy) as a dark energy term with a constant equation of state (EoS)
parameter (wΛ = −1, accompanied with a pressureless cold dark matter (CDM)). The effec-
tive EoS parameter does not remain constant (slightly increasingly negative) in this setting
and it eventually provides a slight red tilt in spectral index (an small value less than unity
of spectral index ns), according to observations. Finally, they obtained a positive value for
the running of scalar spectral index. Another model of deformed matter bounce with dark
energy introduced by Odintsov et al. in order to describe the late time acceleration of the
universe [44]. In this model authors considered a deformation that affects the cosmological
evolution, only at the late time not at beginning of contraction phase. They showed that
the big rip singularity can also be avoided in their model. These models give us a great
motivation to consider some model of matter bounce with various forms of dark energy to
solve another remained problem.
Recently running vacuum models of dark energy (RVM-DE) on the basis of renormaliza-
tion group [45] has been attracted a great deal of attention [46–51]. In these models, not
1 Such a running has not been observed yet, but Planck provides the following bound (again from the
combined data from temperature fluctuations and lensing [40, 41]; αs = −0.003± 0.007, (68% CL)
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only the vacuum energy Λ has been considered as a series of powers of Hubble rate H and
its first time derivative [47, 52], but also it gets a constant equation of state parameter same
as the cosmological constant. Then the energy density of RVM-DE reads:
ρΛ(H) = α0 +
∑
n=1
(αnH
n + βnH˙
n). (1)
In standard cosmology, these models strongly preferred as compared to the conventional
rigid Λ picture of the cosmic evolution [47]. Due to these evidences, studying on a modified
matter bounce scenario with a class of RVM-DE attracts a great deal of attention.
This paper is organized as follows: In Sec. II, we give a brief review on bouncing cosmol-
ogy with a dynamical vacuum energy. Then, as a simple example we study on the standard
ΛCDM cosmology in bouncing scenario in Sec. III. We extend this model with RVM-DE in
sec IV. In Sec. V, the study of cosmological perturbation theory takes placed analytically
for a simple case. The spectral index and its running are calculated numerically for some
other cases of (RVM) model in Sec. VI and at last we finished our paper by some concluding
and remarks.
Before getting started, it must be noted that we are using the reduced Planck mass
unit system in which ~ = c = 8πG = 1 and also considering a flat Friedmann-Lemaˆıter-
Robertson-Walker (FLRW) metric, with the following line element
ds2 = −dt2 + a(t)2
∑
i=1,2,3
(dxi)2. (2)
II. COSMOLOGICAL BOUNCE WITH DYNAMICAL VACUUM ENERGY
First we give a brief review on the dynamics of bouncing cosmology in a flat FLRW
universe with time varying Λ(t) model. The matter contents are composed of radiation and
cold dark matter (CDM).
In high energy cosmology, a Holonomy corrected Loop Quantum Cosmology (LQC) gives
approximately full quantum dynamics of the universe by introducing a set of effective equa-
tions [53]
H2 =
ρtot
3
(1− ρtot
ρc
), (3)
H˙ = (
1
2
ρtot − 3H2)(1 + w), (4)
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where ρtot = ρm + ρr + ρΛ is total energy density of pressureless CDM, radiation and dark
energy respectively. The quantity ρc is the critical energy density. In fact the magnitude of
this parameter is model dependent, namely, the contribution of the corrections arisen from
the specific Holonomy forms. Nevertheless, the upper bound of this parameter is less than
the Planck density. From Eqs. (3) and (4), the continuity equation of total energy density
easily obtained
ρ˙tot + 3Hρtot(1 + w) = 0, (5)
where w is the effective equation of state parameter Ptot = wρtot. The continuity equation
(5) can be decomposed by the following equations for all components of energy as
ρ˙m + 3Hρm = ρ˙Λ, (6)
ρ˙r + 4Hρr = 0, (7)
where the superscript dot refers to derivative with respect to cosmic time. This model
generally named dynamical vacuum model (DVM) in which the EOS parameter is still
wD = −1, like as a rigid Λ model [51]. Note that if ρc → ∞, the classical Friedmann
equations in the flat universe are retrieved. Now assume that the bounce occurs at t = 0,
so that at this time we have H = 0 and ρtot(t = 0) = ρc ≈ ρr. In fact around the bounce
point, radiation is considered as the dominant term of energy density.
In terms of conformal time η in which dη = dt/a, all previous effective equations can be
rewritten as
ρ′tot = −3Hρtot(1 + w), (8)
H2 = ρtot
3
a2(1− ρtot
ρc
), (9)
H′ = a
2
2
ρtot(1 + w)−H2(2 + 3w), (10)
where H = a′/a = aH is the Hubble rate in conformal time and prime denotes derivative
with respect to conformal time η. Also for convenience, the scale factor can be normalized
to unity at the bounce point (a(η = 0) = 1).
III. BOUNCING WITH THE STANDARD ΛCDM
In this model we are using the vacuum energy as a dark energy ρΛ = Λ. By solving
effective Eqs. (8), (9) and (10), we can find the evolution of cosmological parameters.
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Although from LQC the value of ρc is roughly equal to the Planck energy density, observed
amplitude of scalar perturbations in matter bounce scenario required ρc ∼ 10
−9ρpl [15]. It
means that the bounce occurs at much lower energy in this scenario. The continuity equation
(7) for matter yields
ρ′m + 3Hρm = 0, (11)
and consequently the total energy density becomes
ρtot = ρim
(ai
a
)3
+ ρir
(ai
a
)4
+ ρΛ, (12)
where subscript ’i’ refers to initial condition. Taking critical energy density at bounce point
and initial conditions in reduced Planck mass unit, same as [43], as follow
ρc = 2.9× 10−9,
ρim = 1.1× 10−24,
ρir = 5.1× 10−28.
These values are selected in a way that quite far from the bounce point in contracting matter
dominated universe, the ratio of ρim to ρir is nearly the same as present time in standard
cosmology. Also matter-energy density has 15 orders of magnitude less than the energy
density of bounce point and again we emphasize that around the bounce point it usually
considered ρc ≃ ρr.
Using above initial conditions and effective equations (8, 9, 10), the evolution of the scale
factor versus to conformal time η is obtained by numerical computation. In fig. 1, we see
that in this case our universe is expanding after a contracting phase through a non-singular
point (big bounce).
IV. BOUNCING WITH RUNNING VACUUM MODEL
The running vacuum energy in quantum field theory (QFT) in curved space-time mo-
tivated us to consider ρΛ = Λ(H) in reduced Planck mass unit. This theory gives the
renormalization group equation [45]
dρΛ
d ln(µ2)
=
1
4π
(∑
i
BiMiµ
2 +
∑
i
Ciµ
4 + ...
)
, (13)
6
FIG. 1: The evolution of the scale factor versus η. At bounce point (η = 0), it gives a positive non-zero
value
where µ2 can be a linear combination of H2 and H˙ [54], Bi and Ci are dimensionless coeffi-
cients and Mi is the mass of any particle which contribute in the dynamics.
By setting µ2 = H2, the equation (13) simply yields
ρΛ(H
2) = n0 + n2H
2 + n4H
4 +O(H6). (14)
However in general, by consideration of correction of QFT, a theoretical explanation of
RVM-DE becomes ([47, 54, 55] and reference therein)
ρΛ(H
2, H˙) = n0 + n2H
2 + βH˙ + n4H
4 +O(H6). (15)
The terms with higher powers of Hubble function have recently been used to describe
inflation [55–59]. For ni = β = 0; i = 1, 2, 3, ..., the standard ΛCDM is recovered. On the
other hand any model with a linear term of Hubble function motivated from a phenomeno-
logical point of view [60–65]. This model can still be tenable if a constant additive term is
around [66]. It must be mentioned that a model of vacuum energy in which the density is
just proportional to H can not come from any covariant QFT and it does not even have
a well-defined ΛCDM limit and the worst, it is also excluded from the data on structure
formation [66].
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In following we are also interested to add another term n1H into Eq. (15) and studying on
the role of each terms on evolution of the scale factor, density parameters, Hubble parameter
and equation of state parameter in some cases and compare them with the ΛCDM bouncing
model.
V. COSMOLOGICAL PERTURBATION THEORY
The dynamics of scalar perturbations on a spatially flat background spacetime are ex-
plained by the Mukhanov-Sasaki equation with a gauge invariant variable v = zR [67] in
which R is the comoving curvature perturbation and
z =
a
√
ρtot + Ptot
csH
=
a (1 + w)1/2
cs
√
ρtot
H
. (16)
Linear perturbations can be extended into LQC [68, 69]. The LQC effective equation for
the Mukhanov-Sasaki variable is [70, 71]
v′′ − c2s
(
1− 2ρtot
ρc
)
∇2v − z
′′
z
v = 0, (17)
where cs is the speed of sound which is a constant parameter depending on every epoch of
history of the universe. The effective equation (17) is expected to provide a good approxi-
mation to the full quantum dynamics for modes that always remain large compared to the
Planck length [72]. It must be noted that for ρc → ∞, the standard classical perturbation
equation is recovered [73]. Also the Holonomy-corrected tensor perturbation in LQC is [27]:
µ′′ −
(
1− 2ρtot
ρc
)
∇2µ− z
′′
T
zT
µ = 0, (18)
where µ = h zT in which
zT =
a√
1− 2ρ/ρc
. (19)
A. Analytical Solutions with case ρΛ = n2H
2 + βH˙
Following [43], we consider three continues era for studying on scalar perturbation and
power spectrum in analytical method. Modes of interest are those that reach the long wave
length limit during the first era where it is very far from the bounce in which the evolution
of the contracting universe treats as matter-dark energy domination. Then after equality
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of radiation with previous pair components, the universe enters to a radiation domination
epoch and at last, goes through the bounce where the evolution of the universe governed by
LQC.
Far enough the bounce, where quantum gravity effects are negligible, effective equations
are standard Friedmann equations
3H2 = ρ,
ρ˙ = −3Hρ(1 + w), (20)
H˙ =
−3
2
H2(1 + w), (21)
where we are using ρ instead of ρtot for simplicity. From above equations, the EoS parameter
can be found simply as
w = w0 = −2n2 − 3β
6− 3β . (22)
It is important to note that in a matter-dark energy dominated epoch, in order to have
a nearly scale invariant power spectrum, the effective EoS parameter w0 must be slightly
negative.
Fortunately, we can directly calculate power spectrum and spectral index same as
Mukhanov’s method of inflationary scenario, in conformal time [73]. Very far from the
bounce, using (20), the z quantity in (16) reduced to
z = a
√
3
(√
1 + w0
cs
)
, (23)
and the Mukhanov-Sasaki equation for scalar perturbations (17) in Fourier modes will
be rewritten as
v′′ + (c2s k
2 − a
′′
a
) v = 0. (24)
Solving second Friedmann equation (21) in conformal time
H′ = −H
2
2
(1 + 3w0), (25)
yields
H = 2
(1 + 3w0)(η − η0) , (26)
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where η0 is the constant of integration. Taking a
′′/a = H′ +H2 and for very small values of
w0, the Mukhanove-Sasaki equation (24) approximately yields
v′′ +

c2sk2 − ν
2 − 1
4
(η − η0)2

 v = 0, (27)
where ν = (9/4− 18w0)1/2 ≈ 3/2− 6w0 +O(w20). The relevant solution is
vk =
√
|η − η0|
(
C1H
(1)
ν (csk|η − η0| ) + C2H(2)ν (csk|η − η0| )
)
. (28)
Assuming the initial conditions of primordial perturbations in the distant past of the pre-
bounce epoch, to be quantum vacuum states, it takes
vk =
1√
2csk
e−i csk η. (29)
Using the asymptotic behavior of the first type of the Hankel function when |η − η0| >> 0
H(1)ν (csk|η − η0| ) =
√
2 e−(ν+
1
2
)pi
2√
cskπ|η − η0|
ei csk|η−η0|, (30)
in solution (28), we find
C1 =
√
π
2
ei(ν+
1
2
)pi
2 ; C2 = 0. (31)
In long wavelength limit, csk|η − η0| << 1 and small values |w0|, the solution reduced to
vk ∼= −i
2
√
1
2
(csk)
−3/2+6w0 (H)1−6w0 . (32)
In second step, after equality, before the quantum gravity effects become considerable, the
evolution of the universe tends to radiation dominated epoch in which w = 1/3, cs =
√
1/3
and ρtot = ρ0r/a
4. Also Eq. (9) in the limit ρc →∞, gives
a(η) =
√
ρ0r
3
η; H = 1
η
. (33)
The perturbation equation reduces to a harmonic oscillator
v′′ + c2sk
2v = 0, (34)
with the following solution
vk = B1 sin(
k√
3
η) +B2 cos(
k√
3
η). (35)
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Since this step is between dark matter-energy domination era and bounce period, hence in
order to continue with the bounce period (η → 0), the coefficient B2 will dominate and
hence it requires B1 = 0. On the other hand the continuity of vk and v
′
k at equality time ηe,
gives
B2 = −
√
3
k
sin(
k√
3
ηe)v
′
k|η=ηe + cos(
k√
3
ηe)vk|η=ηe , (36)
and after substituting (32) and its derivative into (36) it goes
B2 =− i
√
3(csk)
−3/2+6w0
4
√
2k
sin(
k√
3
ηe)H2−6w0e
− i(csk)
−3/2+6w0
2
√
2
cos(
k√
3
ηe)H1−6w0e . (37)
An essential condition for scale invariant power spectrum is k|ηe| << 1 [43]. Therefor, in
this approximation, B2 simplify to
B2 ∼= −3i
4
√
1
2
(csk)
−3/2+6w0H1−6w0e . (38)
At last, in the bounce period, since the radiation is yet a dominant term (w = 1/3), the
first LQC effective equation in conformal time gives
H2 = ρ0r
3a2
(1− ρ0r
ρca4
), (39)
which directly gives the following scale factor
a = (a0t
2 + 1)1/4, (40)
where a0 = 4ρc/3. On the other hand, from (17), the perturbation equation in conformal
time becomes
v′′
v
− z
′′
z
= 0, (41)
with following solution
v(t) =
C1a0
4
√
ρc
z t3F
(
3
2
,
7
4
,
5
2
, −a0t2
)
+
a0z
4
√
ρc
, (42)
after using (40). Its asymptotic behavior governs
R ∼= vk
z
=
2A1a
−3/4
0
√
2π3
zΓ(3
4
)2
=
1
6
√
π
3
Γ(1
4
)
Γ(3
4
)
B2, (43)
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where
A1 = −a0B2
6
. (44)
Thus the power spectrum for modes that become (nearly) scale invariant in which k|ηe| << 1,
is given by
∆2 =
k3 |R|2
2π2
=
1
768
(
Γ(1
4
)
Γ(3
4
)
)2
c−3+12w0s H2−12w0e k12w0 . (45)
It is worthwhile to mention that these modes must also remain outside the sound Hubble
radius during the entire the contracting radiation dominated epoch and bounce period as
well as dark matter-energy domination contracting era.
At the end, from (33), power spectrum can be rewritten as
∆2 =
k3 |R|2
2π2
=
1
768
(
Γ(1
4
)
Γ(3
4
)
)2
c−3+12w0s
((ρc
3
)1/4√
He
)2−12w0
k12w0 . (46)
Obviously, if we set w0 = 0, the power spectrum will be exactly scale-invariant, but for a
small negative value of w0, it is nearly scale-invariant with a red tilt for spectral index as it
is predicted by observational data (ns = 1 + 12w0)
In this section we study the Fourier modes evolution which they come from initial quan-
tum vacuum state far away the bounce. Any mode that exit the sound Hubble radius in
matter-dark domination period becomes scale invariant and they return to sound Hubble
radius after the bounce, in expanding branch.
VI. SPECTRAL INDEX AND ITS RUNNING
Considering the semi-matter dominated epoch in contracting phase of the deformed mat-
ter bounce scenario. Far from the bounce point, the EoS parameter becomes very small
(w << 1) and approximately constant. Its time derivative is very small (w′ << 1) around
the crossing time, when the sound horizon crossed by long wavelength modes (e.g. see
Fig. 3). It gives a good condition to solve the perturbation equation analytically and con-
sequently obtains a simple relation for the power spectrum index (same as the previous
section). Expanding the parameter w around η0 up to first order
w ≈ w0 + κ(η − η0), (47)
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where κ = dw/dη at η = η0 and w0 is the value of w at η0. Since the changes of w is very
small, |∆w| ≈ |w−w0||κ(η− η0)| << 1, therefore during the semi-matter dominated epoch
in a contraction phase, at low curvature and energies, in Eq. (17) we have z
′′
z
∼= a′′a (details
are referred to [74]).
Now by this approximation, the conformal Hubble parameter and a′′/a are calculated as
H = 4
3κ(η − η0)2 + 2(3w0 + 1)(η − η0) , (48)
a′′
a
∼= 2− 18w0
(η − η0)2 −
12κ
η − η0 . (49)
By setting ν ∼= 3/2− 18w0 and ξ = 12κ, the scalar perturbation equation (17) in Fourier
mode becomes
v′′ + c2sk
2

1− ν
2 − 1
4
c2sk
2(η − η0)2 +
ξ(η − η0)
c2sk
2(η − η0)2

 v = 0. (50)
It is worthwhile to mention that in limiting case, when |ξ(η − η0)| → 0, the above equation
reduced to Eq. (27) in the previous section.
For convenience in calculations, we replace η − η0 in (50) with η,
v′′ +

c2sk2 − ν
2 − 1
4
η2
+
ξ
η

 v = 0. (51)
General answerer of this equation is
v = J1W
( −i ξ
2 cs k
, ν , 2 i cs k η
)
+ J2M
( −i ξ
2 cs k
, ν , 2 i cs k η
)
, (52)
where W and M are Whittaker functions and Ji’s are constants of integration. By consid-
ering the asymptotic behavior of W at large |kη|,
W
( −i ξ
2 cs k
, ν , 2 i cs k η
)
∼ exp(−i cs kη)(−2ics kη)−iξ/(2csk), (53)
and taking the initial condition of primordial perturbations to be quantum vacuum states,
we find J2 = 0 and
J1 =
√
1
2csk
exp(
πξ
4csk
).
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Now in the long wavelength limit, around the crossing horizon where (|cskη| << 1), the
solution of (52) rewritten as
v =
√
1
2csk
exp(
πξ
4csk
)
Γ(2ν)
Γ
(
1/2 + ν +
iξ
2csk
) (2 i csk η)1/2−ν
∼= −i
2
√
1
2csk
exp(
πξ
4csk
) (
1
2
cs k η)
−1+6w0, (54)
which it will reduce to Eq. (32) limiting case ξ → 0.
Now, completely similar to the previous section, since the perturbations must be con-
tinued during the contraction and expansion of the universe, after forward calculation, the
power spectrum ∆2 will be modified by coefficient C(k) = exp[πξ/(2csk)] as follows
∆2(k) ∼ exp( πξ
2csk
) k12w0 . (55)
The spectral index in this case becomes
ns − 1 = dln∆
2
dlnk
= − πξ
2csk
+ 12w0. (56)
Also to obtain the running of spectral index, as we will also be pointed out later,
αs =
dns
d ln k
=
πξ
2csk
=
6πκ
csk
. (57)
An interesting point of this relation is obviously if κ = dw/dη < 0, at any time, especially
at crossing time, this running becomes negative. This point will be hinted again at next
sections. Another point is about the value of the running of spectral index. From the
observational data, αs is very small and negative. Therefore, it is required that in the long
wavelength limit,
| πξ
2csk
| ≪ 1⇒ |ξ(η − η0)| ≪ |csk(η − η0)| ≪ 1, (58)
which again it emphasizes that the second term in Eq. (47) is very small in a semi-matter
bounce scenario.
Finally, the Eq. (56) at the crossing Hubble horizon, will be rewritten as
ns = 1 + 12(w0 +
|αsc|
12
) ≈ 1 + 12w, (59)
where αsc is the running of spectral index at the crossing Hubble horizon which is a very
small negative value, approximately same as the role of |κ(η − η0)| in Eq. (47). Also Eq.
14
(59) will reduce to ns = 1 + 12w0 for constant EoS parameter of DE-model and vanishing
αs, same as the previous section. It is worthwhile to mention again that we concentrate our
attention to semi-matter bounce scenario which has a very small values of EoS parameter
at whole of the contracting phase.
Moreover with this assumption, when a mode is crossed by Hubble radius, by using (59),
the running of spectral index yields (details are referred to [75]),
αsc =
(
dns
d ln k
)
k=a|H|
=
(
dns
dt
dt
d ln k
)
k=a|H|
=
12Hw˙
H2 + H˙
. (60)
In a RVM model, in which PD = −ρD, far enough the bounce, from the first Friedmann
equation, the effective EoS parameter gives
w = − ρΛ
ρΛ + ρm
= − ρΛ
3H2
, (61)
and after some calculations, w˙ becomes
w˙ =
ρ˙Λ
ρΛ
w + 3Hw(1 + w). (62)
Using Eqs. (61) and (21), the Eq. (62) will be rewritten by
w˙ =
H2(w + 1)
2
d
dH
( ρΛ
H2
)
. (63)
According to |w| << 1, w is neglected and αs becomes
αs ∼= −12H d
dH
( ρΛ
H2
)
, (64)
so, approximately, the relation (64) can be rewritten by the following simple form
αs ∼= 3Hdns
dH
. (65)
In agreeing with the ΛCDM bouncing model[17], if ρΛ = n0, from (64), we can see that
the running of the spectral index becomes positive which is an obvious weakness of this case.
Note that the effective equation of state parameter is negative in contracting phase of the
universe at crossing time. In this case αs approximately given by
αs = 24
n0
H2
= −72w, (66)
which gets a positive value for w < 0.
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For a constant effective EoS parameter, same as previous case (Eq. (22)), running of
spectral index is vanishing which is in contrast with Planck bound [40, 41]. It is worthwhile
to mention that also in the standard cosmology this type of RVM-DE (model of Sec. V)
has been already excluded on account of its inability to correct description of the data on
structure formation [66, 76, 77]. Thus this fact give us an alternative reason to exclude this
type of RVM-DE.
In order to have a negative value of running of spectral index, (αs < 0), which is com-
patible with the inflationary paradigm, it is required that H d
dH
(ρΛ/H
2) > 0 (see Eq. (64)).
At following we will give two other cases of RVM and will calculate the spectral index
and running.
A. Case ρΛ = n0 + n2H
2
This is one of the known cases of RVM which has been studied by many authors in
standard cosmology [45, 78–81]. In bouncing scenario, according to previous section, far
enough the bounce point, when the sound horizon crossed by long wavelength modes, from
(59) and (64), we will have
ns − 1 = −12( n0
3H2cr
+
n2
3
), (67)
and the running will be
αs = 24
n0
H2cr
, (68)
where Hcr is the value of the Hubble parameter at crossing time (η = ηc). As a result, αs is
always positive unless n0 < 0. However a negative value of n0 is forbidden near the bounce
point where H ≈ 0 and consequently ρΛ ≈ n0.
B. ρΛ = n0 + n2H
2 + n4H
4
The first attempts to consider this type of RVM which was extended to H4 term in
standard cosmology was given by in [82]. In this case the effective EoS parameter is simply
calculated as
w0 =
ns − 1
12
= −1
3
(
n0
H2cr
+ n2 + n4H
2
cr
)
, (69)
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and from Eq. (64) the running αs is
αsc = 24
(
n0
H2cr
− n4H2cr
)
. (70)
Obviously in order to have αsc < 0, it requires that
n4 >
n0
H4cr
. (71)
Simply after some algebraic calculation, the relation between n0, n2 and n4, can be found as
n2 =
6− 6ns − αsc
24
− 2n0
H2cr
, (72)
n4 =
n0
H4cr
− αsc
24H2cr
. (73)
These relations can help us to estimate the order of magnitude of parameters of this case
to find benefit numerical calculations at next.
It is important to note that in cosmological perturbation theory, the power spectrum,
spectral index and its running essentially depend on the effective equation of state and its
derivative at time of horizon-crossing. In other words, in the contracting phase, the space-
time curvature is not felt by the Fourier modes inside the horizon, so they oscillate until
exiting inside the horizon. The background spacetime evolution, equation of state and the
time derivative of w at the horizon-crossing in matter dominate epoch have an important
role to appropriate predict of nearly scale-invariant power spectrum and the running of the
spectral index. Now we ask, is it possible to have a negative running of the spectral index
in matter bounce scenario in this case?
To answer this question, firstly, we interested to solve numerically the background differ-
ential equations (8, 9, 10).
1. background numerical calculation
By using Eqs. (72), (73), and the requirement of negative running in (70), a set of
parameters can be estimated as
n0 = 2.2× 10−28 n2 = 8.9× 10−3 n4 = 4.47× 1010 . (74)
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It is worthwhile to mention that in reduced Planck mass units, ρΛ has dimension H
2 and
H˙ , i.e. inverse length squared, (see Eqs. (3, 4)) and consequently time, length and mass
get equal dimension. Therefore in this case, the constant parameter n0 has dimension H
2,
the coefficient of H2, n2, is dimensionless and the coefficient of H
4, n4, has dimension H
−2
(length squared). Also, we must note that this set of parameters achieved approximately
by a rough estimating of constrained values of αsc, ns and the calculated value of Hcr at ηc.
These coefficients satisfy inequality (71) and reminded that in bounce point the universe is
dominated by radiation. The evolution of the scale factor, as expected, similar to fig.1, shows
an expansion after contraction through the critical bounce point without any singularity.
The evolution of the conformal Hubble rate is indicated in fig. 2. The value of H is
decreasing into a minimum value when η ≈ −1× 105. After that, H increases very fast and
the universe evolves under a bouncing from a negative valued regime to the positive one.
Eventually, after reaching to a maximum value at η ≈ 1 × 105, the value of H decreases
in the expanding universe. Due to this form of evolution of H, we give a discussion about
the strength of each term of ρΛ in any epoch of the universe. As we found from Eq. (74),
the parameter n4 is about 38 orders of magnitude greater than n0 and about 13 orders
of magnitude greater than n2. Also n2 is about 25 orders of magnitude greater than n0.
Therefor at bounce point where H = 0, the only non vanishing term is n0. After that, up to
η ≈ 1×105, the term n4H4 would be a dominant term, but it will be diluted as the universe
goes on (H decreased very fast) so that at a far future of bouncing, again the term n0 will
be dominated.
The evolution of the EoS parameter has been shown in fig. 3 (red dash line). As one can
see, in the ΛCDM epoch, w is very close to a constant small negative value w ∼ −0.003.
This is very good condition for getting a red tilt in the spectral index as indicated in (59). In
continuing along the conformal time about ηd ≈ −3.4×105, w decreases and after this point
the time derivative of w becomes negative. It is reasonable to expect that after this point,
dark energy has been dominated again gradually. This decreasing behavior is continuing
until w reaches to a minimum value (w = −0.65) at η ≈ −6 × 104. After this point,
the radiation component will be dominated. It should be noted that in contracting phase
(H < 0), Eqs. (63) and (64) yields
αs ∼ −24w
′
H , (75)
which will give a negative value of spectral index for all negative values of w′ and H at
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FIG. 2: The evolution of the conformal Hubble parameter H versus η. At bounce point (η = 0; H = 0),
it shows a transition from a contracting universe to an expanding one from left to right.
FIG. 3: The evolution of the conformal Hubble parameter H (Solid blue line) and equation of state
parameter w (dash red line), versus conformal time η for the case contained H4. Green dot-dash line is the
crossing Hubble parameter Hcr which is occurred by crossing the conformal time, ηc with curve H.
crossing time.
The evolution of the conformal Hubble parameter H has been also shown (blue solid line)
in fig. 3. In this figure, the green horizontal dash-dot line shows the sound-Hubble horizon
in Fourier mode k = 9.7 × 10−5. Same as [43], we chose the speed of sound, cs = 0.08 and
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FIG. 4: The behavior of αs around the crossing time (solid line) which it is equal to αsc at ηc
consequently |Hcr| = csk = 7.7 × 10−6 is the amount of radius of sound-Hubble horizon.
Crossing time is indicated by vertical dot line. As it shows, this line cross the curve H at
ηc ≈ −3.1×105, which it occurs after ηd. This means that the derivative of w at the crossing
time gets a negative value. In this time, w = wcr ≈ −0.0029, ns = 12wcr + 1 ≈ 0.96 and
after some numerical calculation we obtain αsc ≈ −0.003, which has a very good consistency
with constrained results (αsc = −0.003 ± 0.007 by 68% CL, Planck+TT+LowP+Lensing
[41]). In fig. 4, using Eq. (60), the behavior of the αs has been clearly shown around the
crossing time (solid red line). As it is shown in this figure, at the horizon-crossing time ηc,
the running αs gets a negative small value (αs ≈ −0.003, see the horizontal green dash-dot
line in Fig. 4).
2. perturbation in numerical calculation
The evolution of cosmological perturbation is governed by Eqs. (17) and (18). We are
using a set of parameters of (74), which have been estimated in last subsection and set-
ting Fourier mode k = 9.6 × 10−5. Also during the matter dominated contracting phase,
we impose the initial conditions of the cosmological perturbation to be vacuum fluctua-
tion. Furthermore, we have two matter components in our model (radiation and CDM).
Since the speed of sound depends on the background evolution, in numerical computation,
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approximately, we divide the speed of the sound in two parts
cs =

 ǫ w ≃ −0.003√w radiation-dominated epoch (76)
which ǫ is equal to 0.08 as mentioned previously.
The evolution of the scalar cosmological perturbation (blue dash line) has been depicted
in fig. 5. As it can be seen, curvature perturbation oscillates from the sub-Hubble scale to
super-Hubble region at ηc ≈ −3.1 × 105, in which the oscillation finished. In fact k-mode
curvature perturbation exits from the sound Hubble horizon at the crossing point ηc. As
it shows, after equality time (vertical green line) when ρr = ρm + ρΛ, we can consider the
radiation begins to dominate or in analytically point of view, z′′/z → 0, and consequently
the amplitude of the scalar perturbation approximately becomes constant.
The red solid line shows the oscillation of the tensor cosmological perturbation or grav-
itational wave. The sound speed of the tensor perturbation is cTs = 1. So clearly, tensor
perturbation continue to oscillates even after vertical black dot line and eventually will damp
to a constant value after equality time.
FIG. 5: The evolution of scalar and tensor perturbation versus η with ǫ = 0.08 for the case contained
term H4. Dash blue line indicates the scalar perturbation evolution and solid red line indicates the tensor
perturbation evolution. Dot black line indicates the crossing time and vertical solid green line is referred to
the equality time.
Besides the nearly scale invariant power spectrum with a negative running, a small tensor
to scalar ratio is predicted by a cosmological bounce scenario. The tensor-to-scalar ratio r is
constrained by the observational bound (r < 0.12) [83]. There are some known mechanisms
for predicting a small tensor to scalar ratio [18, 30, 84, 85].
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Actually, in our model, the speed of sound in matter dominated epoch is less than unity,
so it affects on the amplitude of the scalar perturbations and consequently the amplitude of
the scalar perturbation can be increased against the amplitude of the tensor perturbation.
Also as it is shown in fig. 5, the discontinuity of cs about the equality time, suddenly
increased the amplitude of the scalar perturbation. The evolution of tensor to scalar ratio r
is shown in fig. 6. As one can see, before the equality time (dot green line), the amount of
tensor to scalar ratio r slowly decreases from high to low.
FIG. 6: The evolution of tensor to scalar ratio (r) versus η for the case contained term H4. The ratio at
ηe suddenly decreased to r ≤ 0.001.
In order to compare all studied cases of RVM-bounce scenario, we summarize all of them
in table I. As we found, for the cases 1-4, some physical requirements such as ρΛ > 0
(or n0 > 0) at any time and w < 0 at the crossing time, required that αs > 0. In the
final column of the table I, the value of αsc is calculated for all cases at crossing time,
where w = wcr = −0.003, and H = Hcr = −8.8 × 10−8 for n0 > 0. At last, except
the case contained the term H4, other cases cannot satisfy the weak energy condition and
observational evidence simultaneously. Therefore we excluded them in further numerical
calculation analysis (such as tensor to scalar ratio r).
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ρΛ w = (ns − 1)/12 w˙ αs αsc∣∣∣∣∣ 1 n0 −n03H2 3Hw(1 + w) −72w 0.22∣∣∣∣∣ 2 n0 + n2H2 −13( n0H2 + n2) 3n0Hn0 + n2H2w(1 + w)
n0
n0 + n2H2
(−72w) 0.22∣∣∣∣∣ 3 n0 + n1H −13( n0H2 + n1H ) 3H(n1H + 2n0)2n0 + n1H w(1 + w)
n1H + 2n0
n1H + n0
(−72w) 0.44∣∣∣∣∣ 4 n0 + βH˙ 2n0/H
2 − 3β
−6 + 3β
3Hn0w(1 + w)
n0 − 3βH2/2
n0
n0 − 3βH2/2(−72w) 0.001∣∣∣∣ 5 n2H2 + βH˙ −2n2 + 3β6− 3β 0 0 0∣∣∣∣∣ 6 n0 + n2H2 + n4H4 −13( n0H2 + n2 + n4H2) 3H(−n4H
4 + n0)w(1 + w)
n0 + n2H2 + n4H4
(−n4H4 + n0)(−72w)
n0 + n2H2 + n4H4
-0.003
TABLE I: Summary of all cases in RVM-bounce scenario . Note that in all cases, w has a small negative
value (see Eq. (61)). Also the running αsc is the value of αs at crossing, H = Hcr = −8.8× 10−8 (in
contracting phase) and w = wcr = −0.003 provided that ρΛ > 0 even at the bounce point (H = 0).
VII. CONCLUSION
In this work we introduced a deformed matter bounce scenario with the running vacuum
model (RVM). This model could be considered as a viable alternative to the inflationary
paradigm both in observational and theoretical aspects. Based on RVM-DE, the standard
cosmological constant not more constant, but may consider as series of powers of H2 and
H˙ . By introducing some cases of RVM, we calculated the spectral index ns and its running
αs in order to compare with observational data. In fact in the contracting phase, before
a bouncing, when the EoS parameter is slightly negative, Fourier modes of perturbations
exit from the sound horizon. Thus power spectrum of cosmological perturbation for long
wavelength modes is not exactly scale invariant and consequently it gets a slightly red tilt.
The process of creating of red tilt is obviously indicated in the analytical treatment for
the case Λ = n2H
2 + αH˙. In this case the running of spectral index become vanishing,
αs = 0, which is inconsistent with inflationary paradigm. Some models with expansion up
to H2 got positive running and for a model Λ(H) = n0 + n2H
2+ n4H
4, by estimating a set
of parameters, we obtained the spectral index ns ≈ 0.96, running of spectral index αs < 0
and tensor to scalar ratio r < 0.12. We found that this model had the best consistency with
the cosmological observations and reveals a degeneracy between deformed matter bounce
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scenario with RVM-DE and inflation. As a work in the future, the observational constraint
of this model and comparison with cosmological observations are suggested.
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